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Phase diagram of aggregation of oppositely charged colloids in salty water
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Aggregation of two oppositely charged colloids in salty water is studied. We focus on the role of Coulomb
interaction in strongly asymmetric systems in which the charge and size of one colloid is much larger than the
other one. In the solution, each large coll¢idacroion attracts a certain number of oppositely charged small
colloids (Z-ion) to form a complex. If the concentration ratio of the two colloids is such that complexes are not
strongly charged, they condense in a macroscopic aggregate. As a result, the phase diagram in a plane of
concentrations of two colloids consists of an aggregation domain sandwiched between two domains of stable
solutions of complexes. The aggregation domain has a central part of total aggregation and two wings corre-
sponding to partial aggregation. A quantitative theory of the phase diagram in the presence of monovalent salt
is developed. It is shown that as the Debyéekil screening radius, decreases, the aggregation domain
grows, but the relative size of the partial aggregation domains becomes much smaller. As an important
application of the theory, we consider solutions of long double-helix DNA with strongly charged positive
spheredartificial chromatin. We also consider implications of our theory for in vitro experiments with the
natural chromatin. Finally, the effect of different shapes of macroions on the phase diagram is discussed.

DOI: 10.1103/PhysRevE.69.021909 PACS nunier87.15.Nn, 61.25.Hq

I. INTRODUCTION some core particles, micelles, or dendrimess short poly-
mers(polyamine$. Most of such systems are strongly asym-
Aggregation or self-assembly of oppositely charged coldmetric in the sense that the size and charge of the macroion
loids is a general phenomenon in biology, pharmacology, an@re much larger than those of tieion (Figs. 1-3. There-
chemical engineering. The most famous biological exampléore, defining the number d-ions neutralizing one macro-
is the chromatin made of long negatively charged doubleion asN;=Q/Ze (the subscript denoting “isoelectric’), we
helix DNA and positively charged histone octamgts Due ~ focus on systems withi;>1.
to Coulomb interaction, DNA winds around many octamers In the previous papef11] this problem was considered
to form a beads-on-a-string structure, also called 10 nm fibefior long semiflexible polymerdDNA double helicep as
(see Fig. 1 for an illustration This 10 nm fiber may self- macroions and rigid synthetic spheres with very large charge
assemble into a 30 nm fiber, which is the major buildingasZ-ions (Fig. 1) without monovalent salt. In such a system
material of a chromosome. The formation of 30 nm fibereach polymer macroion winds around a number of spherical
strongly depends on the concentration of salt in the solutionZ-ions and forms a periodic necklace-like structure which is
This means that the Coulomb interaction plays a crucial rolgimilar to the natural chromatin. We call it “artificial chro-
[2]. The best known pharmacological example is the probleninatin.” The phase diagram Fig(& was obtained in a plane
of gene therapy. In this case, a negatively charged DNA helif the macroion(DNA) concentrationp and the Z-ion
should penetrate through a negatively charged cell memSpheresconcentratiors (notationss andp are introduced as
brane. To do this, DNA has to be neutralized or overcharge@bbreviation for “sphere” and “polymer]. As seen from
by complexation with positive polyelectrolytes or colloids. Fig. 4@), around the line of neutralitythe dashed line
At the same time aggregation of these complexes can b&here macroionZ-ions complexes are almost neutral, they
useful or should be avoidef-9]. Industrial examples of condense in a macroscopic aggregdke gray region Far
aggregation include using cationic polyelectrolyte as coaguaway from this line, the complexes are strongly charged and
lants for paper manufacturing, mineral separation, and th#éey stay free in the solutiofthe white region
aggregation-induced removal of particulate matter from the It should be emphasized that strong correlations play a
aqueous phase in water and waste water treatment processggcial role in the origin of this picture. First, spherical
[10]. Given such wide applications, it is therefore interestingZ-ions in the necklace repel each other to form a one-
to construct a general physical theory on aggregation of opdimensional liquid with almost periodic structure simi-
positely charged colloids.
In this paper, we consider the equilibrium state of two _
kinds of oppositely charged colloids in salty water and con-{{ m\f m*
struct the phase diagram of such a system. Without losing| \'(’\‘ 'Y :
generality, we call the larger colloid “macroion” with nega- A 2R

<=3

tive charge— Q, concentratiorp, and the smaller colloid “ I ™
Z-ion” with positive chargeZe (e is the proton charge
concentratiors. Macroions can be big spherésig colloid FIG. 1. A beads-on-a-string structure of the complex of a long

particles, rigid cylinders(short DNA), or long semiflexible  negative polymer macroion with positive spheriZaibns (artificial
polymers(long DNA). Z-ions can be small spherésucleo-  chromatin.
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FIG. 2. A complex of a negative spherical macroion with posi-
tive sphericalZz-ions condensing on it.

lar to one-dimensional Wigner cryst@ee Fig. 1 This leads

to a correlation energy gain in addition to the mean field

Coulomb energy of the spheres. The difference between this

gain and the entropic gain in the bulk p&ion plays the role Sd

of a voltage which may overcharge neckla¢asking them s.E

positive. As a result, a free macroioZ-ions complex can ¢

be either positivgabove the dashed line in Fig(a}] or 0 p

negative[below the dashed line in Fig.(d] depending on b

concentrationss and p. Second, the polymer turns wound

around a spherica-ion repel each other and form an almost ~ FIG. 4. Phase diagrams of the artificial chromatin systen.

equidistant coil. This correlation offers a short-range attracWithout monovalent saltib) with monovalent salt(Spherical and

tion between complexes as illustrated by Fig. 5. When comeylindrical macroion systems have similar phase diagrams with a

plexes are almost neutral, this attraction is able to condend®uch largersy.) p is the concentration of macroiof®NA), s is

them. When they are strongly charged, Coulomb repulsion ithe concentration oZ-ions (sp_hergs Plus and minus are the signs

larger than the short-range attraction and they stay free, ©f the charge of free macroioz-ions complexes. The dark gray
An important feature of Fig. @) is two relatively wide region is the QOmgln of total qggregatlgn of gomplexes, yvhlle the

domains, where aggregation of macroid@niens complexes Ilght gray region is the dpmam of their partial aggregation. The

is only partial(the light gray region This means that certain white region is the domain of free complexes.andsy are con-

centrations ofZ-ions at the boundary of the aggregation domain

fraction of complexes aggregates, while others stay free Ir\}vhen p—0. At the dotted “isoelectric” line the absolute values of

the solution. The reason for partial aggregation is redIStrIbufhe total charges of macroions addons in the solution are equal.

tion of Z-ions between aggregated and free complexes. Whe}g\t the dashed “neutrality” line free complexes are neutral.

(p, s) is such that the Coulomb repulsion between com-
plexes is slightly larger than the short-range attraction,
Z-ions can redistribute themselves so that for a fraction of
complexes the Coulomb repulsion becomes substantially
smaller and they aggregate, while for the rest of complexes
the Coulomb repulsion becomes even larger and they stay
free [12]. Without monovalent salt, the macroscopic aggre-
gate should be practically neutr@ net charge defined as the
sum of charges of the macroion afidons should be close to

FIG. 3. A complex of a negative cylindrical macroion with posi- zerg. As a result, the domain of total aggregation is narrow
tive sphericalZ-ions condensing on iZ-ions form two-dimensional ~ while the domain of partial aggregation is much widlsee
(2D) Wigner-crystal-like liquid on the surface of the macroion.  Fig. 4(a)].
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FIG. 5. Cross section through the centers of two touching posi-
tive sphericalZ-ions with turns of negative semiflexible polymers
(gray) wound around them. At the place where two spheres touch
each othefthe rectanglg the density of polymer segments doubles
and the correlation energy is gained.

In this paper, we develop a general phenomenological . .
theory of complexation and aggregation of oppositely FIQ. 6. The cross sectlon of the _toughlng area of two aggregated
charged macroions arfions in the presence of monovalent sphencgl macroions. The _stlcky region is shown by the _rectangle. In
salt. In order to formulate this theory we use the simplesfiS region, the density dt-ions doubles and the correlation energy
model of spherical rigid macroions and smaflons shown 'S 92ined

in Fig. 2. In the absence of monovalent salt, the phase dia- .
gram of this system looks like Fig(d, wherep is the con- Sec. V. There we also show that phase diagram of Rig). 4

centration of spherical macroions aads the concentration SS€MS 10 agree with results of experiments in vitro designed

of Z-ions. Screening by monovalent salt effectively truncated® Understand regulation of natural chromdti].

the Coulomb interaction at the Debye-tkel screening ra-

diusrg. If rg is smaller than the size of the spherical mac- Il. PHENOMENOLOGICAL THEORY OF AGGREGATION
roions, the Coulomb repulsion of two macroid®+Hons com- IN THE PRESENCE OF MONOVALENT SALT

plexes is almost completely screened even when they touch In this section we discuss the general theory of the phase
each other. Therefore, aggregation is possible even if 9 y P

. . ' diagram in the presence of monovalent salt using the system
macroion-Z-ions complexes carry a net chariefined as 9 P 9 y

the sum of charges of the macroion aBébng). As a result of spherical macroions shown in Fig. 2. Aggregation of two

screening strongly modifies the phase diagram as shown I%uch spherical macroions is illustrated by Figs. 6 and 7.

Fig. 4b). Comparing with the phase diagram without -ions form a strong correlated liquid on the surface of the
moﬁovalént salfFig. 4], we see that the aggregation do- macrqion. The negative correlation energy in this liquid re-
main grows. At the same time, the relative size of the partiaFUItS in the voltage which may overcharge the complex. It

; . ; S also induces a short-range attraction between complexes
aggregation domaifthe light gray regionin the whole ag- . .
gregation domain decreases, because redistributidriarfs since in the spot where two complexes touch each dges

. Fig. 6) the surface density of the correlated liquid is doubled
:Jaern/veen aggregated and free complexes becomes less 'MP3hd the energy pet-ion is reduced16]. This attractive force

Our phenomenological theory of Sec. Il contains severaijecays as exp(2md/\3r) (for a triangular latticg(17] with

parameters depending on charges, sizes, shapes, and flexibil-
ity of macroions and-ions. In Secs. lll, IV, and V we evalu-
ate microscopically these parameters for specific pairs of
macroions and-ions. In Sec. Ill we do this for a system of
spherical macroions and smahions (Fig. 2) and find slopes
of phase diagram boundaries in this case. In Sec. IV we W
repeat this calculation for cylindrical macroiofig. 3). In S
Sec. IV we return to artificial chromatifFig. 1) and revise
some results of Ref.11] related to the screening effect of
monovalent salt.

We find that although all these systems have phase dia-
gram similar to Fig. &), the width of aggregation domain

and relative width of the partial aggregation domains depend FiG. 7. The cross section of the two aggregated spherical mac-
on the pair. Namely, rigid cylindrical macroions have theojons. z-ions adsorbed on them are not shown. The width of the
largest aggregation domain, because parallel cylinders havgay region is the effective range of the Coulomb interaction in the
relatively larger area where they can touch each other. Artipresence of monovalent salt. The neutrakylinder is shown by
ficial chromatin(Fig. 1) on the other side has the smallestthe rectangle of dashed lines. It is larger than the sticky region
aggregation domain. This peculiarity will be explained in shown by the full line rectanglésee Fig. 6.
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the distancel between two surfaces, wheres the half of face electric potential. Deep insidg-cylinder, screening by
average distance between nearest neighb@ns on the monovalent salt is incomplete. Indeed, according to the
macroion surface, or, in other words, the radius of theDebye-Hickel theory, the density of screening charge of
Wigner-Seitz cell. Consequently, only a small disk-like con-monovalent salt near the macroion surface has the same
tact region with radiudv=\/yRr, where y=3/27~0.3,  magnitudep= — ¢lamr? as outside of ;-cylinder. But with
contributes to the attraction of two complex@ee Fig. .  decreasingd, the volume occupied by this charge shrinks
We call it “sticky region.” very fast. Atd<rg, charge density of monovalent salt pro-
Similarly to artificial chromatin, this correlation attraction jected to the macroion surface; = — ¢d/4xrZ, is much
leads to phase diagram, Fig(a in the absence of screen- smaller thanoy. As we saw from the problem of two con-
ing. We should remember, however, that in the case of Fig. 2acting metallic spheres, the total surface charge density be-
s stands for the concentration of small spheriabns andp ~ tWeen two touching spherical surfaces Wlth_constant poten-
is the concentration of large spherical macroions. We sho@l decays very fast towards the contact point. Accordingly,
below that screening not only enlarges the aggregation ddPSide thers-cylinder atd<rs, the surface charge density
mains, but also leads to relatively smaller size of the partia? ¢ /2 is_very small (it decays with decreasingl as
aggregation domain. These effects become strong whian 0 &XAm(VR/2rs— JRd))). Therefore, for the surface
smaller tharR. They grow wherr g is reduced all the way to charg? density of th2e me_tcrmou(d), we arrive ato(d)
r and even at.<r. Only whenr. is so small that interaction — ¢ (d)/2=¢d/8ars. Since "?‘tdfrs’ o(d) is TUCh
of a Z-ion with macroion surface becomes smaller tka, smaller thaf.‘"O* we _caII th|s region *neutral region. At
most of Z-ions leave the macroion surface, and aggregatiorfrs’ t_he s_t|cky region Q'SCUSSEd abouge full line rect-
becomes impossible. Below we concentrate on the case angle in Figs. 6 and )7is much smaller than the neutral

. . . . region and therefore almost neutral.
<rs<R which can be described by simple and universal Let N be the number oZ-ions in a free macroionz-ions
phenomenological theory.

. . . omplex. We defin@* = —Q+NZe=Ze(N—N;) as the net
There is a key difference between the cases withou *
screening discussed in R¢L1] and with screening effect of harge of a free complex and {15)Q* as the net charge of

monovalent salt. In the first case, each macroion of the a fhe aggregated complex. The total numberZeibns in an
| ' 2 o h is al gaggregated complex is therefaxe- B(N—N;).
gregate can only cari; Z-ions, i.e., the aggregate is almost At rs>R, the whole complex is neutral in the aggregate,

neutral. This is because if macroiofi-Hons complexes were s0B=1. Atr.<R, away from neutral regions, due to equili-

charged, the Coulomb potential of the aggregate would INp ation of Z-ions, aggregated macroiofiHons complexes

crease with its size and become too large to continue ag9r¢- e the same surface density&fons as free complexes.

gauon. On the other hand, in the presence of strong Screetf'hus,ﬂ is a measure of the fraction of total surface area of a
ing by monovalent salt, when the local distance between the

two touching surfaced, is much larger thamg, the Cou- C(r)ergg:(:xroccupled by neutral regions.decreases with de-
lomb interaction between two surfaces is exponentially smalf Nowgvvsé can write down the free enerav of the svstem
and can be neglectddee Fig. 7. It only affects the disk-like gy Y '

. . S . Similarly to Ref.[11], we start from a point {§,s) in the
_surface region with radius/s= y2Rrs located |nS|de_ the cyl- domain of partial aggregation and assume that a fractioh
inder where d<2rg. We refer to such a cylinder as

“r ~cylinder” (shown by the dashed rectangle in Fig. 7 aggregated macroioiZ-ions complexes. The free energy per

. ) . unit volume is
Therefore, if we count only charges of macroions &ridns,
the aggregate of macroiod-ions complexes need not be (N.x:5.p)
neutral. Most of the surface area of these complexes can tﬁa XiS,P

overcharged or undercharged in the same way as surfaces of *2
free complexes. =(1=x)p| 3¢ +NE(N)}
We argue that macroion surface charge densitgl) (in-
cluding charge of the macroion and-ions) inside Q*?
r~cylinder is much smaller than the one outsideylinder, +xp (1=B) 55 +NE(N) = Buc(N=Ni) + e
0. In electrostatics, it is known that for two charged con-
tacting metallic spheres in vacuum, the surface charge den- +kgT[s—(1—X)pN—xp{N—B(N—N)}]
sity goes to zero when we move to the point of confacke
can show that it decays as expg/R/d)]. Our case is simi- <In [s=(1=x)pPN—xp{N—B(N— Ni)}]vo_ 1)
lar to this example in the sense thatons equilibrate on e

macroion surfaces so that everywhere they acquire the same

electrochemical potentiak.(N)+e¢. The chemical poten- The first line of Eq.(1) is the free energy density of free
tial uc(N) determined by correlations @-ions depends on macroion-Z-ions complexes. It consists of Coulomb energy
concentration oEZ-ions on the surface of macroion, which, as of complexes and correlation energyffons. HereC is the
shown below, can be regarded as a constant. This means thatpacitance of a free complek(N)<O0 is the correlation
the electrostatic potentiab is a constant, too, similar to the energy peiZ-ion in the complex. The second line of Ed)
case of two metallic spheres. The peculiarity of our case i$s the free energy density of aggregated complexes. ere
that the presence of monovalent salt which screens the sut0 is the additional correlation energy per complex due to
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aggregatior[18] and u.(N)=d(NE(N))/dN<O is the part macroion-Z-ion complexes are still stablex{0). The inner
of the chemical potential of-ions related to their correla- boundaries are also the boundaries of the total aggregation
tions on the surface of a macroion. It has been assumed i#omain at which there is no free macroidg+ons complex
Eq. (1) that N—N;<N; (this will be confirmed laterand (x=1). Whens increases from zero, first the aggregate
therefore forms, then it dissolves. Thus we arrive at a phase diagram of
reentrant condensation. According to E®), the slopes,
te(N)= (N = pc. (2  dgdp, of the outer boundaries alg. 4, which are the num-
) ) ) bers of Z-ions in a free macroionz-ions complex. Since
In the second line of Eq(1) the first term is the Coulomb N are solutions to\ in the whole partial aggregation do-
energy of an aggregated complex diminished by a loss ofy3in the number oZ-ions complexed with one free macro-
fraction § of capacitor area, the second and third term giveipp, s fixed in the partial aggregation domain. According to
correlation energy ofZ-ions d|m|n|§hed by I(_)ss ofB(N Eq. (9), the slopes of the inner boundaries akg
fNi) of them, and the fourth term is rgspo.n3|ble fqr attrac—_IB(Nc‘d_Ni), which are the numbers @-ions in an ag-
tion energy of aggregated complexes in sticky regions. Theregated complex. On the other hasgy are the intercepts
third and fourth line of Eq(1) give the free energy density of ¢ ihese boundaries with axis. The dashed line in Fig ()
free Z-ions related to their entropyv is the normalizing  corresponds to solutions with neutral macroi@siens com-

volume. The entropy of macroions is ignored because ofyjexes and can be calculated from E8). TakingN=N; in
their much smaller concentration. Minimizing this free en- ;g equation, we get

ergy with respect tiN andx, we get

1 |:“c|
Ze = — —_ + .
Mt TQ*szTIn[{s—(l—x)pN—xp So(P) voexp{ kgT PN, (10
X (N=B(N=N)}vo], (3) This Ilnel hag thg same slope as thg .ISO.e|eCtI’IC ﬂqnepl_\li .
(dotted line in Fig. 4, but a small finite intercept. This is
*2 because there is always a small fraction of freilens in the

=B(N=N)){pc—kgTIn[{s—(1—x)pN—xp solution.
When 8=1, the whole surface of a macroion in the ag-
X (N=B(N=N))}vol}, (4)  9gregate is neutral, all formulas above reproduce the corre-
sponding results in the case>R [11]. For example, the
Excluding the entropy term in Eg$3) and (4), we get boundaries of the total aggregation domain given by (Ep.
are now parallel lines

€ P5e

le| 2C(ry)

Ne,a=N; Br) Q2

1¥

: 5) Sca(P;x=1)=s. 4+ pN;. (11

The corresponding phase diagram fige-R is shown in Fig.
4(a).

There are four parameters., €, C, and g in the theory.
Their values depend on the screening radiys the shape
Se.d(P)=Sc.a+ (L1=X)PNg g+ XP[N¢ = B(rs)(Ne g— N1, and flexibility of the macroions an#-ions. In the following

©6) sections, we calcglatg them for specmc systemg. But even
now we can qualitatively summarize the evolution of the
where phase diagram with decreasing. For this purpose, we de-
a— fine the size of an aggregation domain as the absolute value
s =£ex Ry le| 2Z% i (7  Of the difference of the slopes of its two boundaries.ras
¢4 0 kT B(rg) C(ry) el - decreases3(r ) decreases;(rg) increases, while is fixed
(this will be shown below Then according to Eq5), Ny

The two solutionsN 4 ands. 4 mean that we have two increases antll, decreases. Thus, both the size of the whole

partial aggregation domains. Taking=0 andx=1 in Eq.  aggregation domaifincluding partial and total aggregation

Here and below, the uppépwer) sign in the formula always
corresponds to the firgsecond subscript of the symbol.
Plugging Eq.(5) back to Eq.(3), we get

(6), we get two outer boundaries domaing, Ny— N, and the size of the total aggregation do-
o main, (1-B)(Ng—N;), grow with decreasings. In con-
Sc,d(PiX=0)=Sc g+ PNe g ®  trary to them, the relative size of the two partial aggregation

domains in the whole aggregation domaB(Ny— N¢)/(Nqg
—N¢) =B, decreases with decreasing.
Sea(Pix=1)=s¢ g+ P[Neg— B(rd)(Neg—N)]  (9) As we mentioned before, at<<r the growth of the ag-

gregation domain and reduction of the relative size of the

of the partial aggregation domains. The corresponding phaggartial aggregation domain continue with decreasiggIn

diagram is shown in Fig.(#). The outer boundaries are also this regime, however, the range of Coulomb interaction and

the boundaries of the whole aggregation dom@icluding  correlation becomes the same and one cannot separate these

partial and total aggregation domajnsat which all free interactions from each other. A microscopic theory is neces-

and two inner boundaries
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sary, which operates with screened interactio@-adns with Let us now switch to the cage<r <R. Since the sticky
macroion and with each other and allows for small dielectricregion is much smaller than the neutral regisee Fig. 7,
constant of macroion. This is a subject of future work. the short-range correlations are not changed by screening,
and e are still given by Egs(12) and(14). But 8 andC are
IIl. RIGID SPHERICAL MACROIONS affected by screening. For simplicity, we estim#edy as-

suming that the wholeg-cylinder is neutral. TheB reduces

In this section, we consider the system with sphericaky the area ratio of the neutral region to the whole surface of
macroions and much smaller sphericalons (Fig. 2. We  pe complex,

estimate parameterg., €, C, and 8 microscopically and

find out _how borde_rs of th_e aggregation domain change with ng brq
decreasing screening radius. B= T (18
Let us first consider the cage>R. In this case, each 4mR
macroion carryN; Z-ions in the aggregate ang=1. In the and
first-order approximatiorZ-ions repel each other to form 2D
Wigner crystal on the surface of a macroion. Thus the corre- DR2
lation chemical potentigl. is approximatelyf21] C= - (19
S
1.62%€? o
=— This gives
r
wherer is the radius of the Wigner-Seitz cell when a mac- Ncg= Ni( 1+ 0.4y« r_)’ (20
roion is neutralized by-ions (see Fig. 2 and D is the di- s
electric constant of water. To calculatge we first notice that 2 5
. . . o 1 1.6Z% ya
the number ofZ-ions in a sticky region is s =—exd — ++/22 (21)
L kgTDr |\ =~ V0.4

W2 ’y\/ﬁi . .

il et (13 It is easy to check that in bgth cast;,d. are close tcNi_.

4mR This justifies the approximatiof2) used in the last section.

From Eq.(20), we see that the aggregation domain broadens

with decreasing s and the angle it occupies becomes the

order of unity atrg~r. According to Eq.(18), the relative

size of the partial aggregation domain decreases wihro-

by ZeQ portionally tor¢/R.

€= 7\/Wia’:“c: —O,4b'yaﬁ, (14) Two comments on validity of our approach are in order
here. First, we assumed above thasatsy(p), when over-

charged macroions redissolve, they still keep almost all

Z-ions. As is well known[21], the condition of maximum

charge inversion is given by

where relationN;=47R?/7r? has been used. If each mac-
roion hasb nearest neighbors in the aggregabe=(12 for
dense packing

Here we assumed that eagkon in the sticky region gains
the correlation energy .. The maximum possibler can
be estimated as follows. Since the surface density-mhs
is doubled in the contact region, the radius of the Wigner- ZeQ
Seitz cell becomes/\/2 and the correlation energy p&iion Me=—G
gets a factor ofy2. This givesa=0.3. The reak is much
smaller than this upper limit due to the effect of small dielec-penotingN,, ,, the maximum number d-ions on a macro-
tric constant of macroions. As is well known in electrostatics,ion and using Eq(12), in the case of <R we have
positive Z-ions in water D=80) create positive images in
adjacent macroions<80). Repulsion from images push r
two contacting macroions away from each other and dimin- No= Ni( 1+0-4r—)- (23
ishes the gain of correlational energy. Finally, for a spherical S
macro?on withZ-ions whose size is negligible, the capaci- Comparing with Eq(20), we see thal,,.,andNy are of the
tance Is same order of magnitude. As we mentioned above we be-
lieve thate<<0.3 so thatN4<<N,.x and the picture of stable
C=DR. (15 complexes on both sides of aggregation domain is justified.

Second, up to now we discussed screening by monovalent

salt in Debye-Huakel approximation. When Z-ion has large
r charge and small size, they are screened nonlinearly.

N¢g= Ni( 15 0.2 ya ﬁ) , (16  Monovalent counterions condense B4ons (similarly to the

Manning screening of a charged cylinflend renormalize
1 1.62%¢? ( 1+ bya
Sed=, &0 T TDr\ v Vo8|

(22)

Using Eqgs.(5) and(7), we get

the charge of a fre@-ion to a smaller valu&’ [22]. The
17) chargeZ’ is screened in Debye-lekel way. When adsorbed
to the macroion surface&-ion is subjected to the additional
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Coulomb interactions with both the negative macroion sur- Now we consider the cage<r <R. Instead of a neutral
face and neighboring-ions. Both interaction energies are of aggregate, we only require a stripe-like neutral region in the
the order ofZ’e?/r and ata<r can be ignored in compari- present case. It is easy to see that bpthand e are not
son with the chemical potential of the monovalent counteriorchanged by screening. The fraction of the neutral area is
Z'e?/a on Z-ion. Therefore, the effective charg€ is not
changed byZ-ion condensation and should be used as the
effective charge of &-ion in all our resultd23]. —-b 2WslL _ E % (29)

In recent Monte Carlo simulations of the system of 27RL 7 V R’
spherical macroions with multivale@-ions [24], it is seen ) )
that around the isoelectric lire=pN; , all macroions aggre- While the capacitance
gate, while far away from this line on both sides, free
macroion-Z-ions complexes are stable. This qualitatively DRL
agrees with our theory. =

S

(30

IV. CYLINDRICAL MACROIONS We have

In this section, we consider the system with cylindrical
macroions and much smaller sphericalons (Fig. 3. We Y\ |34
show that the qualitative feature of the phase diagram of this Ne¢g= Ni[ 1~ O.8a(§) (—) } (31
system is the same as spherical macroions. The major differ-
ence is that for cylinderssy is much larger.

We assume that charge of the macroion @rdn is such 1 1.672e2 a [y 2| 1A
thatr <R. Accordingly two-dimensional Wigner-Crystal-like Se d:_ex;{ S — {1i A /_(_) (_S) H
structure ofZ-ions can be formed on the surface of macro- © Vo kgTDr 0.212 r
ions [19]. We also assume that<L. Consequently below (32
we focus on two cases correspondingResr <L andr
<rs<R. Also note that in order to gain more contact area
and, therefore, more correlation energy, all cylinders in th
aggregate are parallel to each other.

We first consider the cafR<<r <L. It is easy to see that

Again in both casebl. 4 are close td\; and the approxi-
mation(2) is valid. According to Eq(29), the relative size of
&he partial aggregation domain decreases wjthroportion-
ally to \rg/R. We see that the aggregation domain are wider
o . in the case of cylindrical macroions than that for spherical
the ag_grega_te shou_ld be neutral, i@ 1, and th(_a chemical macroions(see Sec. I). This happens because of the larger
potentlelll,uC is still given by Eq_.(12). ngeyer,e is not the _contact area in the former case.
same d§|nkcebthe area of the stlckyLre_Igrllon IS n;uch I;rger. Itis According to Eq(32), formally sy can be even larger than
_no:ha ";’. ,k uta stripe wit are/@l.. The number of-ions 1/vy. Consequently, one may conclude that the aggregate
I the sticky region 1S never dissolve at large Actually, this is not true. Whes

WL 1 becomes so large that the distance betw&&ms in the bulk
yr . ) :
i\f (24) is equal torg, the repulsion between fregions cannot be
R ignored and our theory is invalid. At such a large concentra-
tion, Z-ions are correlated not only on the surface of macro-
ions but also in the bulk and aggregation does not happen.
What we can conclude is that for systems discussed in this
b T section, the aggregate dissolves at very lag®lathemati-
€= n“c\/;

NiZoRL ™ =

For a macroion withb nearest neighborsb&6 for dense
packing, the additional correlation energy per macroion is

(25) cally, sq is so large that In(B,vo)<In(s4/sy). Correspond-
ingly, the aggregation domain in Fig. 4|ts; is very wide.
. _ The results above can be qualitatively compared with ex-
il—;re;rse i;zktehsetzg saa(l:rir':aen\(/:iltijs as the one for spherical macroperimental results for solutions of DNA with spermife-7]
' P in which long DNA double helices may be considered as
DL rigid negative cylinders and short positive spermine mol-

C:m. (26)  ecules as smalZ-ions (Z=4). In experiments, reentrant
s condensation is observed. Also the aggregation domain at
Using Eqgs.(5) and (7), we have smallp is very wide[ In(sy/s.)=9]. Both facts agree with our
theory.
0.8ayY?[r\%
Nea= Ni[ 1% WS/R)( ﬁ) } (27) V. ARTIFICIAL CHROMATIN

_— - Vs I_n this se.ction, we discus; thg artificial chromatin in

. 1 o F{— 1.62% {1+ bay In5< E) H which macroions are long semiflexible polymers with linear
c.d kgTDr |~ 0.2 R\r ' charge density- » andZ-ions are hard spheres with radigs
(28) (Fig. 1). We assumeérRn<<Ze, i.e., many turns of polymer
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segments are needed to neutralize one sphere. The aggregate
of such a system looks like Fig. 3 in Réfl1]. The phase
diagram of this system has already been discussed in detail
in Ref. [11] under the assumption that the aggregate is al-
ways neutral which is valid only fors>R. Whenr <R,

there is no justification for the neutrality of the aggregate and
the theory in Sec. Il should be used. Here we calculate the
parameters microscopically and obtain the phase diagram for
the later case.

First, we remember remind the results following directly
from Ref.[11]. In this case, each macroiod-ions complex
carriesN; Z-ions in the aggregate. CorrespondingBs 1.

The correlation chemical potential. is essentially the self-
energy of a bare free sphere in the solution which is almost

2R

totally eliminated in the complex. Therefore 2Ws
FIG. 8. A 2D view of the surface of a sphere touching the other
722 sphere at the center of the disk-like regi@h To make(a) neutral,
Me=— DR’ (33 a semiflexible polymer have to change the density of its turns to

make the whole equatorial stripe-like regi@ neutral. The rest of

whereD is the dielectric constant in water solution. To cal- the surface colored in gray is charged.

culatee, we first notice that the correlation energy per unit

length of the polymer is just the interaction energy of the

polymer turn with its stripe of backgroun@phere positive

charge. Thus, it is— ? In(R/A)/D. Correspondingly, when : . = 2 .

the density doublesh is halved, the gain in correlation en- sphe_re(see_ Fig. 1. Since 7/A=Ze&/R%, .the reqwremenA
<R is equivalent toRnp<<Ze. As we discussed in Sec. ll,

ergy per unit length is- a7?/ D, wherea=In2 as a rough . .
estimate. Similar to the case of spherical macroion, the ra\f"Ith the screening of monovalent salt, the whole aggregate

. : . need not be neutral, but disk-like regions on spheres where
dius of the sticky regionWw=RA/2. And the polymer )
length in this region isTW?/A=7R/2. Since each aggre- two spheres touch each other must be neusee Fig. 7.

gated complex carried; Z-ions and ha$ nearest neighbors, The radius of t.h's regioWs=y2rsR. In the present case,
we have the neutral region should be made by the rearrangement of

the polymer segments on the surface of spheres. If the poly-
mer is extremely flexible, it can bend easily in the disk-like
mba R79? region. By this bending, the surface density of polymer seg-
e=—— 7 Niv (34 ments is changed “locally” so that the region can be made
neutral and the rest of the surface is not changed. However, if
whereb=6 if the maximum packing number is achieved. the polymer is only semiflexibléhe persistent lengthy, is
The capacitance such thatyr R<I,<R), itis too rigid to neutralize the disk-
like region. Then this region can be made neutral only by
changing distances between sequential turns of the polymer
c DL _ DRN 35 On the surface of the sphere. For example, for two touching
2In(rg/R)  In(rg/R)’ spheres(Fig. 5), the equatorial stripe-like region shown in
Fig. 8 can be made neutral. We focus on the case of the
where we have used=2RN,, because near neutrality, each semiflexible polymer which corresponds to DNA.
polymer absorbs abou¥l; spheres and all spheres in the WhenA<r <R, the correlation chemical potential, is
macroion-Z-ions complex are densely packed. Using Egsstill given by the self-energy of a bare free sphere, which is

(5) and(7), we have now
NN 15 [ mba Rpy
cd™ N =7 Vin(ro/R) Ze
: by Eq. (34). This is because the contact region where the
37) additional correlational energy is gained is much smaller

1 Z%e? 1o / bal r<R7y
Sed=, N T ok, TDR| TSNV TP R Ze
than the neutral region as discussed in Sec. Il. Also since the

This gives a typical phase diagram of reentrant condensationumber ofZ-ions in each complex in the aggregate is close
[Fig. 4@]. to N;, in the first-order approximation, we can usgas the

Now let us consider the case wharsr<R. A being the
average distance between two polymer turns on the surface
of spheres when polymer segments exactly neutralize the

' (36) _ rSZZe2
Hem  opR?”

(39

and the correlation gain due to aggregatienjs still given
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number ofZ-ions in each complex in E¢34). Knowing that sZe

the area of the strip-like region is/AVR (see Fig. 8, the
area ratiog is given by

47WR  [or, a9
= R’

And the capacitance is now

c DRL DRZN 20
T (40

Using Eqgs.(5) and(7), we have

N N;| 1+ mbaRy (R 41
ed™ i 27 \/E Zel\rg ' (41) FIG. 9. The chromatin regulation and compactisZe is the
concentration of charge of histonesQ is the concentration of
DNA. All lines and charges have the same meaning as in Fig. 4.
1 r.72e2 baRn R\ 34 Normal chromatin is at the point 1. Acetylation of histones, moves
Se d:—eXF{ — S—[ 1+21 /H_ﬂ<_ it to the point 2(downward arrow. On the other hand, addition of
T Vo 2kgTDR? V2 Zelrs protamines during spermatogenesis compacts chromatin into the
(42) more condensed state(@pward arrovy.
The phase diagram is shown in Figb the charge of octamers is reduced so that the system moves

It is easy to check that in both two cases, slofgg are  gown 10 state 2 below the partial aggregation domain. The
close toN; and the approximatio2) is valid. Comparing  gmaj| partial aggregation domain is crucial for the sensitive
Sc,a andN¢ g with results for spherical and cylindrical mac- yegponse. Figure 9 also helps to understand spermatogenesis
roions, we see that aggregation domain of the artificial chros, \which normal chromatin is compacted further by adding
matin is the smallest of all three cases if paramBtgfZe is strongly positively charged proteins, protamirjés. In the
small (the polymer makes many turns around the sphere sojution, the concentration of the positive charge increases
The main reason is that in artificial chromatia,and uc  and the system moves up from state 1 to state 3 in the total
originate from two different kinds of correlations. Rz aggregation domain.
<Ze, the correlation energy of two polymer turns of the To conclude this section, let us make a comment about the
touching sphere is much smaller than the correlation energije of Manning condensation of monovalent salt on DNA.
of the sphere in the compleit interacts with all turns of the  Apove we literally dealt with the case when the linear charge
polymey. density of the polymem; is smaller than critical density,

An artificial chromatin system in the presence of monova-— kgT/e of Manning condensation. As is well known, for a
lent salt is studied in experimeni&0], where the phase dia- free polymer withy> 7. (for example, for DNA double he-
gram of reentrant condensation is found and the domain qfx1 which has »=4.25.), 7 is renormalized toz.. For
partial aggregation is not observed. This is qualitatively conpnA wrapping a positive sphere in artificial chromatin, this
sistent with our theory that the relative size of the partialenormalization is different because of the surface charge of
aggregation domain is small due to screening effect ofgsitive spheres. Such renormalization and its consequence

monovalent salt. _ _ on the phase diagram were studied in Réd].
The phase diagram, Fig(), may be useful for qualita-

tive understanding of chromatin regulation. It is knofn
that chromatin can switch from the compact state of 30 nm
fiber or higher order structures to the loose state of 10 nm In this paper we developed a phenomenological theory of
fiber in which gene transcription takes place. This transitionrcomplexation and aggregation in asymmetric water solutions
is caused by acetylation of core histones, which reduces thef strongly charged negative and smaller positive colloids
number of positive charges of histone octamers. Experiment@nacroions and-ions) in the presence of a large concentra-
in vitro [15] show that the transition happens when thetion of monovalent salt. We showed that in contrast with
charge of the octameZe (about +160e in normal condi- earlier theory{11] mostly devised for salt-free solutions, ag-
tions) is reduced by+12e, i.e., only by 8%. Such a sensi- gregate of complexes can carry net charge of macroions and
tive response can be understood in our theory as shown id-ions which is almost as large as the charge of free com-
the phase diagram, Fig. 9, in the plane of total charges gblexes. Only small touching regions of each aggregated com-
octamers and DNA. Normal chromatin seems to be partiallyplex are depleted of the net charge. As a result screening by
aggregated and the system is at state 1. Under acetylatiomonovalent salt leads to broader aggregation domain in the

VI. CONCLUSION
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phase diagram of the solution and to narrower, but still finiteFig. 1), indeed has a phase diagram qualitatively similar to
domain of partial aggregation where the aggregate is in equthe one of natural chromatin.

librium with free complexes. Our phenomenological theory

expressed properties of the phase diagram through several

parameters which depend on charges of macroions and ACKNOWLEDGMENTS
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